We explicitly realize supersymmetric regularized cones based on the five-dimensional Y p,q and L p,q,r Einstein-Sasaki spaces. We use them to construct supersymmetric type-IIB supergravity solutions representing a stack of D3-and D5-branes as warped products of the six-dimensional cones and IR 1,3 .
Introduction
In recent works the number of explicit examples of known five dimensional Einstein-Sasaki metrics was considerably enlarged by a new class of such metrics interpolating in a certain sense between the round S 5 sphere and the T 1,1 space [1] . These are of cohomogeneity one, with principal orbits SU(2) × U(1) × U(1) and in order to satisfy global regularity issues their parametric space is characterized by two coprime positive integers p and q.
Hence, these were called Y p,q spaces. This class has been further generalized by taking the BPS limits of Euclideanized Kerr-de Sitter black hole metrics with two independent angular momenta parameters [2] . This construction leads to local Einstein-Sasaki metrics of cohomogeneity two, with U(1) × U(1) × U(1) principal orbits. Similarly, these metrics, called L p,q,r , are characterized by positive coprime integers p, q and r in order that they smoothly extend onto complete, non-singular compact manifolds. The Y p,q spaces come as special limits of the L p,q,r ones when the angular parameters coincide and a U(1) symmetry factor gets enhanced into SU (2) . Similarly, the T 1,1 space results by a further symmetry enhancement.
One advantage of having explicit five-dimensional regular spaces is that they can be used as a base in the construction of six-dimensional Ricci-flat cones, which in turn are basic blocks for the ten-dimensional supergravity solutions representing the gravitational field of stacks of branes and the dual description of supersymmetric gauge theories within the gauge/gravity correspondence [3] - [5] . The usual cone one constructs suffers from a singularity in its tip and therefore part of the effort is to regularize it. A basic example is the six-dimensional cone based on the T 1,1 space in which the conical singularity were first smoothened out in the so called deformed and resolved conifolds [6] , by introducing a parameter, and keeping finite at the tip of the cone either an S 2 or an S 3 factor. In addition, there is also the regularized conifold in which the original curvature singularity becomes a removable bolt singularity [7] . Introducing D3-branes and taken into account their backreaction transforms the Ricci-flat solution of the cone times the Minkowski space into a warped solution of the full type-IIB supergravity [8] - [12] . We note that having a regular sixdimensional cone does not necessarily imply the regularity of the ten-dimensional solution (see, in particular, [7] that emphasizes that). The purpose of this paper is to construct the six-dimensional supersymmetric cones based on the newly discovered Y p,q and L p,q,r spaces and use them for the construction of the ten-dimensional type-IIB supergravity solutions that include the brane backreaction.
This letter is organized as follows: In section 2 we present a brief review of the relevant aspects of the Y p,q and L p,q,r spaces. In section 3 we explicitly construct supersymmetric six-dimensional regularized cone solutions based on these spaces. They depend on a constant moduli parameter as in the regularized conifold. In section 4 we construct supersymmetric supergravity solutions of a stack of D3-and D5-branes on these cones within type-IIB supergravity. They have the expected behaviour in the UV, but still suffer from a singularity in the IR. where the four dimensional metric is
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and
Therefore, it can be seen as a U(1) bundle over a four-dimensional Einstein-Kähler metric with the Kähler two-form given by dσ = 2J 4 . It can be checked explicitly that the fourdimensional metric is Einstein with R µν = 6g µν and hence the five-dimensional metric is Einstein-Sasaki with R µν = 4g µν . The coordinate y ranges between the two smallest roots of the cubic equation a − 3y 2 + 2cy 3 = 0, so that the signature of the metric remains Euclidean. These are given in terms of the coprime integers p and q with explicit expressions that don't concerns us here. In order also to obtain a compact manifold the coordinate α has a finite range. The remaining ones θ, φ and ψ have periods π, 2π and 2π, respectively.
L p,q,r geometry
The five-dimensional L p,q,r geometry is described by the following metric [2, 15] 
where the four-dimensional metric is
The five-dimensional metric has the standard form, as in the Y p,q case. The parameter µ is trivial and can be set to any non-zero constant by rescaling α, β, and x, hence the metric depend on two parameters. The principal orbits U(1) × U(1) × U(1) of the metric degenerate at θ = 0 and θ = π 2
and at the roots of the cubic function ∆ x . In order to obtain metrics on non-singular manifolds the ranges of the coordinates should be 0 < θ < π 2 and x 1 < x < x 2 , where x 1 and x 2 are the two smallest roots of the equation ∆ x = 0. The ranges of the coordinates φ and ψ are determined using the notion of "surface gravity", important in black hole solutions of Lorentzian signature. The analysis of the behavior at each collapsing orbit can be realized by examining the associated Killing vector ℓ whose length vanishes at the degeneration surface. By normalizing the Killing vector so that its "surface gravity" κ is equal to unity, one obtains a translation generator ∂/∂χ, where χ is a local coordinate near the degeneration surface. The metric extends smoothly onto the surface if χ has period 2π. The "surface gravity" is 8) in the limit the degeneration surface is reached. At the degeneration surfaces θ = 0 and
the normalized killing vectors are ∂/∂φ and ∂/∂ψ respectively, so the periodicity of the coordinates φ and ψ is 0 to 2π. At the degeneration surfaces x = x 1 and x = x 2 , the associated normalized Killing vectors ℓ 1 and ℓ 2 are given by 9) where the constants c i , a i and b i are given by
Similarly to the case of Y p,q , all parameters are eventually given in terms of three coprime positive integers p, q and r so that the manifolds are complete and free of singularities.
Connection with Y p,q
If one sets p + q = 2r, implying α = β, the metric (2.5) reduce to (2.2) with Y p,q = L p−q,p+q,p . Then the relation of variables and parameters is given by [16] x → α
After the coordinate transformation (2.11) the Killing vectors for the degeneration surfaces θ = 0 and θ = π are (−∂/∂φ − ∂/∂ψ + c∂/∂β) and (∂/∂φ − ∂/∂ψ + c∂/∂β), respectively.
At the degeneration surfaces y = y 1 and y = y 2 , where y 1 and y 2 are the roots of the equation q(y) = 0, the normalized killing vectors ℓ 1 and ℓ 2 are given by
and correspond to the vectors in (2.9).
The six-dimensional cones
In this section we explicitly solve the supersymmetric Killing spinor equations and determine the six-dimensional regularized cones. The latter are by construction Ricci-flat.
The cone over the Y p,q space
First we construct a six-dimensional supersymmetric cone over the Y p,q space as a base.
The metric ansatz is
We will use the vielbein basis
The non-vanishing components of the spin connection are
√ wq e √ wq e 2 , ω 15 = − A B 2 e 2 ,
3)
where prime denotes differentiation with respect to r. 1 The Killing spinor equation are
In analyzing this set of equations we found necessary to impose the two projections In addition we obtained the following system of differential equations that determine the functions A(r) and B(r)
The general solution to the system is
where C is a constant. The relation of the two variables r and R is via the differential
Note that we have absorbed a second integration constant by a suitable redefinition of the variable R. After substituting the solution of the killing spinor equations to (3.1) the metric takes the simple form
We have checked that this metric has the same killing vectors with (2.2), with degeneration surfaces θ = 0, θ = π, y = y 1 and y = y 2 .
The asymptotic behavior for large values of R takes the universal form
and it describes the usual cone whose base is given by the five dimensional metric (2.2).
This solution is exact for all values of R since it can be obtained by simply letting C = 0.
The constant C regularizes the solution towards the interior. When the constant C ≥ 0, the variable R ≥ 0 and then the manifold is singular at R = 0. However, if C = −a 6 < 0, where a is a real positive constant, then the variable R ≥ a. A possible singularity might occur near R = a. Changing into a new radial variable t = 6a(R − a) we find the behavior ds 2 6 ≃ a 2 ds
Therefore, near t = 0 and for constant y, θ, β and φ, the metric behaves (up to 1/9) as dt 2 + t 2 dψ 2 which shows that t = 0 is a bolt singularity [19] which is removable since the periodicity of the angle is 0 ≤ ψ < 2π. The full solution interpolates between (3.12) for R → a and (3.11) for R → ∞. This regularization of the cone singularity is similar to that found in [20] for the cones over the symmetric coset spaces SU(2) n /U(1) n−1 that includes the regularization of the singular conifold on T 1,1 for n = 2 [7] .
The cone over the L p,q,r space
To construct the six-dimensional supersymmetric cone over L p,q,r we make the ansatz
( 3.13) and use the vielbein basis
e 5 = A(r) (dτ + σ) , e 6 = dr .
After some tedious algebra we found that the non-vanishing components of the spin connection are
15)
The set of projections obtained by analyzing the Killing spinor equations are the same as in the case of the cone over the Y p,q space in (3.6) and similarly the system of differential equations (3.7) determining the functions A(r) and B(r). The Killing spinor is
Finally the solution takes the simple form
The metric above has the same killing vectors with (2.5), with degeneration surfaces θ = 0, θ = π/2, x = x 1 and x = x 2 . As for the case of the regularized cone over Y p,q , we believe that for C = −a 6 the metric (3.17) also represents a non-singular manifold.
Warped type-IIB solutions
In order to construct ten-dimensional supersymmetric warped solutions we utilize the procedure developed in [21, 22] . We will use the regularized cone over the L p,q,r space.
3
This procedure was also recently used to construct a solution with the usual cone over Y p,q [24] . The first step is to find a harmonic (2, 1) form Ω 2,1 . For this reason we will use the local Kähler form J 4 on the Kähler-Einstein base
In turn, based on [25] , it is possible to construct a Ω 2,1 form from a (1,1) form ω such that * 4 ω = −ω, dω = 0 and ω ∧ J 4 = 0. We found two such forms which can be used as a basis to expand a general form. They are the following:
• The first is similar to the one proposed in [24] and [15] for the case of the usual cone on the Y p,q and L p,q,r , respectively. We have explicitly that
where the overall factor in the first line has been fixed by demanding that dω = 0.
• A second possibility that will result into a distinct supergravity background is
where again the overall factor in the first line has been fixed by demanding that dω = 0.
In order to check that the above two-forms are indeed (1, 1) we introduce the set of complex coordinates (This should be equivalent to that presented in [15] in a different coordinate system)
It can be shown that the η i 's indeed are closed and by construction (1, 0) forms. Using (4.4) we can solve for dθ, dx, dφ and dψ in terms of η 1,2 and their complex conjugates.
Then after substituting into (4.2) and (4.3) and some algebra we may show that both expressions indeed represent (1,1) forms.
Next we construct a (2,1) form as the wedge product of a (1,0) form and ω
where K is a normalization constant. It is easily verified that the Ω 2,1 form is closed and imaginary self-dual in the six dimensional space, namely
For the supergravity solution, we take the real RR F 3 and NSNS H 3 forms to be
and therefore
where M is another normalization constant. The ansatz for the warped metric of the ten-dimensional type-IIB solution is
where the warp factor H in generally depends on R, x and θ. There is no dilaton or axion field, while the self-dual five form is
which after some algebra takes the form
To determine the warped factor we substitute in the Bianchi identity
and obtain a second order partial differential equation whose precise form depends on which one of (4.2) or (4.3) we use to construct the 3-forms H 3 and F 3 .
• If we use (4.2) in the Bianchi identity we obtain
In the special case with α = β we can check that this equations indeed reduces to that in [24] after we also make the consistent assumption that H is θ-independent. We were not able to find exact solutions of (4.13) in the generic case. In that respect note that it is not consistent to assume θ-independence of the solutions. Perhaps the work of [26] who study the Laplacian in the Y p,q spaces will be useful in that direction as well. Nevertheless, we may easily see that for large R it exhibits the generic behaviour as H ∼ ln R/R 4 .
Towards the infrared for R → a it is seen that there is a singularity since H ∼ ln 2 (R − a).
Hence, although the cone has been regularized by the parameter a = 0 the ten-dimensional solution is still singular in the infrared. This is similar to the case considered in [7] for the brane solutions based on the regularized T 1,1 conifold.
• If we use (4.3) in the Bianchi identity we obtain the same equation as in (4.13), but with the right hand side replaced with − 2g 2 s M 2 K 2 sin 2 2θ∆x∆ θ R 4 (1 − a 6 /R 6 ) −1 . We have not been able to find exact solutions to this equation either, due to the fact that even when α = β it is not consistent to drop the θ-dependence of the warped factor H.
Perhaps the most important open issue concerns the construction of a supergravity
solution utilizing the Y p,q and L p,q,r spaces and being dual to N = 1 gauge theories, in which the IR singularity is smoothened out. Let's recall that some times a useful approach in constructing supersymmetric spaces representing cones with smoothened out singularities is via gauged supergravities. In particular, many such solutions having an SU(2) isometry were found using the eight-dimensional supergravity of [27] resulting from dimensionally reducing the eleven-dimensional supergravity of [28] (see in particular the works [29] - [36] [20] ). The use of the lower dimensional gauged supergravity disentangles certain technical issues which are due to the complexity of the base manifolds (in our case see the expressions for the spin connections in section 3). We believe that at least for the case of solutions having the Y p,q manifold as an internal part the use of gauged supergravity could be proven quite useful.
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